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I. INTRODUCTION 
Power values of the sum Sk(x) = lk + 2k + + (x - l)k has been the object 
of a number of papers. The first general result was proved by Schaffer [12], who 
showed that for given values of k and m > 1 the number of solutions of the 
equation 
(1) 1” + 2k +. .+(x- l)k=ym 
in positive rational integers X, y is infinite only in the trivial cases (k, m) = 
(1,2),(3,2),(3,4) and (5,2). L a er, t Gyky, Tijdeman and Voorhoeve (see [6] 
and [17]) extended Schaffer’s theorem by proving that, apart from the trivial 
cases, the equation (1) has only finitely many solutions in integers x, y > 1 and 
m > 1, and these solutions can be effectively determined. In [2], Brindza ob- 
tained an effective finiteness statement for the solutions x, y, m to the equation 
F(Sk(x)) = ym, where F is a given polynomial. For further, general results we 
refer to [4], [13], [15]. 
The purpose of this note is to give a sharp, explicit estimate for m. 
Theorem. All the solutions x, y, m to the equation (1) with I > lo3 (k/2)kt’5’2) = 
c(k), y > 1 andm > 2 satisfy 
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m < cl . k log 2k, 
where cl is an eflective absolute constant. 
Remarks. In the case x < c(k) we have 2” 5 ym i c(k)k+’ and 
(2) m< (k+l) 10+(2k+5)logz 
> 
. 
Roughly speaking, (2) and our theorem show m < k2+E. On the other hand, the 
inequality m < k would imply an effective solution of Erd&-Moser equation 
lrn + 2” +. . . + (x - 1)” = X”, 
however the exponent 1 seems well beyond the reach of current techniques (cf. 
[5, Sec. D7.1, [8], [14]). 
2. AUXILIARY RESULTS 
The proof of the theorem is based upon a linear form estimate of Wald- 
Schmidt [18] (cf. [l] and [9]) and several special properties of Bernoulli poly- 
nomials. 
Let K be an algebraic number field and MK be the set of places on K (i.e. 
equivalence classes of multiplicative valuations on K). The absolute height 
function h(.) on K is defined by 
h(a) = 
( 
II max(l, I4J 
Vc‘& 1 
l/pm] 
for o E K, 
where the valuations 1 . Iv are normalized in the usual way. Let (Y~,(YZ,. .  , a, be 
non-zero algebraic numbers and let Ai, AZ, . . , A, be positive real numbers 
satisfying 
1ogAi > max 
Il%~iI 1 logh(ai),x,d (1 <i<n) 
(here log(.) denotes the principal value of the logarithm and d = 
[Q(Ql,... ,%Z) : Ql). 
Lemma 1. Let bl, b2, . . . , b, _ 1 be rational integers uch that 
bl 
Ql . . .ct,b”_-l’cYn # 1. 
Let B 2 3 be apositive real number with B 2 maxi 5 i<n _ I{ Ibij} and suppose that 
B L log A, exp{4(n + 1)(7 + 3 log(n + 1))) 
and 
7+3log(n+l) Llogd. 
Then we have 
lC$l . ..c&.a, 
where c2 = 1500. 38”” (n + 1)3”+9. 
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Proof. Lemma 1 can be deduced from Corollaire 10.1 of Waldschmidt [18]. 
which is formulated for linear form in logarithms of algebraic numbers. See 
Proposition 1 of Bugeaud and Gyory [3]. 0 
In the next lemma we summarize some well-known properties of Bernoulli 
polynomials &(X). The proofs of these results are in [lo]. 
Lemma 2. Let B,,(X) denote the n-th Bernoulli polynomial and B, = B,,(O), 
n = 1,2, . . Further, let D, be the denominator of B,. Then we have 
(4 B,(X) = X” + C;=, (;)BiX”-‘, 
(B) 1k+2k+~~~+(.~-l)k=(l/(k+1))(B~+i(x)-&+i); 
(Cl B,(X) = (-l)“B,(l - X), 
(D) Bzn+i =O,n= 1,2 ,..., 
(E) @on Staudt-Clausen) D2,, = HP _, / 2,,, p prime P, 
(F) jBznl < (2n)!/12(2n)2”-2, 
(G) 0 and 1 are simple zeros of Bzn + 1 (X), 
(W 0 and 1 are double zeros of Bzn(X) - B2n. 
3. THE PROOF OF THE THEOREM 
Let (I, y. m) be an arbitrary but fixed solution to (1) with x > c(k), y > 1 and 
m 2 2. 
In the sequel ~3, . . , c-7 denote effectively computable, positive absolute con- 
stants. Put N, = up5 _, p prime p. It is known (see [ll]) that N, 5 2.8”. By prop- 
erties (A), (B), (E) and (G) we obtain f (X) := (k + l)Nk+ i&(X) E Z[X]. First 
we assume that k is even. Then 
f(x) =x(fi(x)x+(k+l)BkNk+l), 
where f,(X) E Z[X], and the greatest common divisor of x and f (x)/x divides 
(k + l)BkNk+i. This and the equation (1) yield x = (ui/vi)y;2 with ui, vl,yl E N 
and ~1, vi are divisors of Bk((k + l)Nk+_ I)~. By (C) we have similarly I - 1 = 
(uz/v~)Y?, whereU2,v2,y2 E N andu2,vz aredivisors of&((k+ l)Nk+i)‘. 
At this stage we note that 
Bk((k+ 1)Nk+d2 I 
k! 
12(27r)k-’ 
2.82(k+‘)(k + 1)2 < c(k). 
We suppose that y1 > y2 > 1 (if y2 = 1, then x 5 u2 + 1 5 c(k)). Let A, denote 
the expression 
, UZVl y2 M 
( > V?Ul Yl 
We may assume m > c3 log c(k), for otherwise our theorem is proved. Since 
v2uiyim - uZviyr = ~1~2, we get 
(3) IAl] = l-&I 5 exp{ -slogYi}, 
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and it follows from Lemma 1 that 
(4) Al > exp { 
m 
- c4 log c(k) logy1 log ~ 
> log@) . 
The inequalities (3) and (4) give 
m m 
< c5 log ~ 
loge(k) - log c(k) ’ 
and thus m < C-6 log c(k). The proof in the case y2 > yt > 1 is similar. 
Now, let k be an odd integer with k > 3. Then, by (A), (B), (E) and (H), 
f(x~=x2(x2h_(x)+Bxli”iil(k;1))> 
wherefz(X) E Z[X]. Following the argument above we have 
and x-l= 
whereUi,vi,Yi E ~W,ui,vi(i= 3,4)aredivisorsofBk_tN~+1(k~‘)(k+ l),andwe 
may suppose that y3 > y4 > 1, furthermore 
(5) A,:=l-p3#y=&& 
Applying Lemma 1, (5) and the inequality Bk _ 1 IV:+ 1 (k; ‘) (k + 1) < c(k) we get 
similarly m 5 c7 loge(k). Finally, by using a recent result of Terai [16], 
m < 8500 for k E { 1,3} and the proof is complete. III 
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